The extension of multiple-input multiple-output (MIMO) sphere decoding from the narrowband case to wideband systems based on orthogonal frequency division multiplexing (OFDM) requires the computation of a QR decomposition for each of the data-carrying OFDM tones. Since the number of data-carrying tones ranges from 48 (as in the IEEE 802.1 1 a/g standards) to 68 17 (as in the DVB-T standard), the corresponding computational complexity will in general be significant. This paper presents two algorithrns for interpolation-based QR decomposition in MIMO-OFDM systems. An in-depth computational complexity analysis shows that the proposed algorithms, for a sufficiently high number of data-canying tones and small channel order, exhibit significantly smaller complexity than brute-force per-tone QR decomposition.
INTRODUCTION
The use of orthogonal frequency-division multiplexing (OFDM) drastically reduces receiver complexity in wideband multiple-input multiple-output (MIMO) wireless systems by decoupling a frequency-selective fading MIMO channel into a set of parallel flat-fading MIMO channels. Nevertheless, MIMO-OFDM receivers still pose significant challenges in terms of computational complexity since processing has to be performed on a per-tone basis with the number of data-cmying tones ranging from 48 (IEEE 802.lldg) to 6817 (DVB-T). Linear MIMO-OFDM receivers require matrix inversion, whereas successive cancellation (SC) methods [l] and sphere decoding [2] require QR decomposition, in both cases on a per-tone basis.
Contriburions:
Interpolation-based methods for effcient matrix inversion in MIMO-OFDM receivers have recently been introduced in [3] . In this paper, we present two algorithms for efficient interpolation-based QR decomposition in MIMO-OFDM systems. A detailed complexity analysis shows that the proposed algorithms can yield significant savings in computational load when compared to brute-force per-tone QR decomposition. The savings are more pronounced for a higher number of data-canying tones and small channel order.
Organization of the paper: In Section 2, we introduce the MLMU-OFDM channel and signal model, provide some mathematical background on Laurent polynomials and the QR decomposition, and state the problem considered. In Section 3, we introduce a general method for interpolation-based QR decomposition of polynomial matrices. In Section 4, we discuss the appIication of this method to MIMO-OFDM systems and present two corresponding algorithms. Section 5 analyzes the computational complexity of the algorithms introduced in Section 4; in particular, we demonstrate significant complexity savings over brute-force per-tone QR decomposition. We 
Laurent polynomials and interpolation
Given a matrix-valued function A : LI + C P x A f , . , , P, m = 1 , 2 , . . . ,Ad, and s f U , where
QR decomposition
We consider a matrix A E C P x M with P 2 A.i and rank(A) = M , partitioned into its columns according
is given by the unique factorization A = QR, where
is upper triangular with real-valued positive entries on the main diagonal. We note that the uniqueness of Q and R [4] is of fundamental importance for our analysis.
In the following, in order to set the stage for Section 3, we shall briefly review the QR decomposition on the basis of Gram-Schmidt orthogonalization [5] .
The kth column of Q, denoted by qk, is determined by
(with y1 = al) and qk=-
Jk
The kth row of R, denoted by rT, is given by rf = qfA,
Problem statement
We assume that the receiver has knowledge of H(s,) for
OFDM sphere decoder or SC receiver requires knowledge
for all data-carrying tones n E D. A straightforward approach to the ptoblem at hand is to interpolate H(s,) to obtain H ( s n ) , n E 13 and then perfom the QR decomposition (6) on a per-tone basis. This approach will henceforth be called brute-force per-tone QR decomposition. The questions considered in this paper are as follows:
I) Can we formulate an algorithm that allows to obtain Q(s,) and R(sn) for n f 23 from Q(sn) and R(s,) specified at B < D base points?
2) Would an algorithm of this kind yield savings in terms of computational complexity over brute-force per-tone QR decomposition?
QR DECOMPOSITION THROUGH INTERPOLATION
We consider an LP matrix A(s) E C P x M , s E U , with P 2 M , rank(A(s)) = Af V s E U and the QR decomposition A(s) = Q(s)R(s). The division and the square root operation in (4) imply that Q ( s ) is in general not an LP matrix. Consequently, R(s) will in general not be an LP matrix either. At first sight it therefore seems that question 1) in Section 2.4 cannot be answered affirmatively. However, we shall next show that there exists an invertible mapping from ( Q ( s ) , R(s)) to corresponding LP matrices (Q(s), R(s)).
Based on this mapping, we present two algorithms for interpolation-based QR decomposition, both of which can have smaller complexity than brute-force per-tone QR decomposition. Consequently, both questions in Section 2.4 can be answered affirmatively. Before proceeding, we note that the approach proposed in [6] for efficient QR decomposition in narrowband MlMO channels produces LP expressions when applied to polynomial matrices. However, the degrees of the resulting LPs (and consequently, the number of base points needed for interpolation) are large even for small values of P and A[, rendering this approach ill-suited for the problem at hand.
In the remainder of this section, in order to simplify the notation, we drop the dependence of all quantities on s. Furthermore, all equations and statements containing the variable k are valid for k = 1,2, . . , , A$, unless specified 
2) q k -(kV, ( k -1)V).
3) F ; ?-(kV, kV) .
The proof of Theorem 1 is omitted due to lack of space and can be found in [7] .
APPLICATION TO MIMO-OFDM
The formulation of the MIMO-OFDM QR decomposition algorithms described in this section is general in the sense that any method that yields the unique Q and R factors, as defined in Section 2.3, can be used.
We start by summarizing the brute-force approach described in Section 2.4.
Algorirhn I: Brute force per-ione QR decomposition 1) Interpolate H(sn), n E E to obtain H(sn), 2) For each n E V , perform QR decomposin E D.
I tion on H(s,) to obtain Q ( s n ) and R(s,).
It is obvious that performing QR decomposition on a per-tone basis will in general result in a huge computational burden. However, since typically D > L, the OFDM system essentially highly oversamples the MIMO channel's transfer function, so that H ( s n ) is changing slowly across n. This observation, combined with the results in Section 3, constitutes the basis for the following two interpolation-based algorithms, which compute the QR decomposition at a smaIl number of tones and obtain the remaining Q and R factors through interpolation. 
R ( s n ) . ( Q ( s n ) , R ( s n ) > H ( Q ( s n ) i R ( s n ) ) .
Based on the observation that qk(s) and FT(s) can be interpolated from their values at B k base points, as implied by Theorem 1, we propose a modification of Algorithm Iz.
In the following, the mapping M and its inverse &I-' are defined on submatrices of Q ( s , ) and R(sn) according to (7) -(10). The proposed modification of Algorithm I1 is based on multiple interpolation steps and can be summarized as follows:
COMPLEXITY ANALYSIS

Complexity metric
In the very large scale integration (VLSI) implementation of algorithms, a wide range of trade-offs between chip area and processing delay can be realized [8]. Parallel processing reduces delay at the expense of chip area, whereas resource sharing reduces chip area at the expense of a larger delay.
In order to quantify the computational cost of the algorithms presented in the previous section, we consider two classes of operations, namely i) multiplications and ii) divisions and square roots. For the algorithms described in this paper, nearly all of the class ii) operations can be carried out in paratlei to the class i) operations. Since the number of class i) operations is significantly larger than the number of class ii) operations, assuming a moderately parallel architecture, the overall processing delay is determined by the class i) operations. The class ii) operations can be implemented by means of low-area high-delay architectures that do not affect the overall processing delay.
Since we want our computational cost measure to reflect the total processing delay, the impact of class ii) operations can be neglected. Within class i), we distinguish between full multiplications (i.e., multiplications with two variable operands) and multiplications of a variable operand with a constant coefficient (used to implement the interpolation filters 
Complexity of algorithms
We state our results as a function of a general CQR that depends on the specific method used for the QR decomposition. The total cost for Algorithm I is given by CI = DMq-lTMRCIP + DCQR whereas the total cost for Algorithm I1 is obtained as 171
We assign the same cost to all full multiplications, regardless whether the operands are real-valued or complex-valued. The underlying assumption is that real-valued multiplications are performed on a complex multiplier anyway. outperforms Algorithm I for a sufficiently high number of data-carrying tones. For fixed A~T , CQR grows faster than CM-I as a function of MR, which implies that the right-hand side of (13) is an increasing function of MR.
Since BnfT = ZMTL 4 1, increasing L for all other parameters fixed results in smaller savings of Algorithm I1 over Algorithm I, whereas increasing CQR, again for all other parameters fixed, results in larger savings. Finally, we mention that a detailed complexity analysis of Algorithm ID, provided in [7] , shows that CII -q I 1 does not depend on D and that Algorithm 111 outperforms Algorithm II for CQR large and c~p small.
Numerical results
For M R = 6, D = 500, c~p = 2, and CQR as in (1 l), 
CONCLUSIONS
We presented two interpolation-based algorithms for computationally efficient QR decomposition in MIMO-OFDM systems. Using a computational cost metric relevant for VLSI implementations, we demonstrated significant complexity savings of the proposed algorithms when compared to brute-force per-tone QR decomposition. The savings are more pronounced for larger number of data-carrying tones and smaller channeI order. 
